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Abstract

The subject of latin squares is about 200 years old, and it abounds with many solved and
unsolved problems. In this paper we establish an interconnection between latin k-cubes and
random variables. When combined with the rich theory of latin k-cubes, this connection yields
new results about independent random variables, which generalize and extend other recent
results. Our results are applicable for the construction of efficient algorithms.
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1 Introduction

Randomized algorithms have been extensively studied in the literature, since they are often faster
and easier to analyze than deterministic ones [17, 22, 24]. A problem that has recently attracted
attention in the computer science community is how to derandomize polynomial time randomized
algorithms while keeping their time complexity polynomial [1, 17, 20, 6].

The derandomization procedure used in most references is based on the following observation:
Randomized algorithms typically use a sequence of independent random variables, e.g., several coin
tosses. In many instances the algorithm will exhibit similar performance if the random variables are
k-wise independent rather than fully independent (i.e., every k random variables are independent).
The size of the sample space required to construct the k-wise independent sequence is exponentially
smaller than the size of the space required for the fully independent sequence. This fact is exploited
in the derandomization procedure as follows: Rather than applying the probabilistic algorithm on a
random independent sequence, the probabilistic algorithm is run on all k-wise independent sequences,
thereby yielding a deterministic algorithm with polynomial (albeit high degree) time complexity.

Recently, [5, 2, 21] have introduced a slightly different derandomization procedure using ε-biased
random variables which is not examined here.

The motivation for this paper is the following elementary question: What is the longest sequence
of `-wise independent uniformly distributed random variables assuming values in Zn that can be
generated with just k such variables? Here we say that the random variables W1, · · · ,Wk assuming
values in Zn generate the random variables X1, · · · , Xm assuming values in Zn if there exist functions
f1, · · · , fm of Zk

n into Zn such that Xi = fi(W1, · · · ,Wk), for 1 ≤ i ≤ m.
This naive question leads to a surprising connection, which is the main result reported here: The

problem of constructing a set of independent uniformly distributed random variables out of few such
variables is closely and constructively related to the problem of constructing a set of orthogonal latin
hypercubes. Specifically, we prove that there exists a set of t + 2 pairwise independent uniformly
distributed random variables assuming values in Zn, which are generated from just 2 such variables,
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if and only if there exists a set of size t of orthogonal latin squares of order n. We prove a similar
result also for higher dimensions.

The problem of constructing the biggest set of orthogonal k-cubes has been thoroughly studied,
see [3, 4, 7, 8, 9, 13, 14, 18, 19, 25] and others. Thus, any of the known constructions of orthogonal
latin k-cubes can be readily modified to yield a set of k-wise independent uniformly distributed
random variables.

The case k = 2, i.e., constructing uniform pairwise independent random variables, is particularly
salient. Here the problem of constructing orthogonal latin cubes, which in the two dimensional case
are called latin squares, is a classic problem studied by the great mathematician Euler some 200
years ago and by many others thereafter. It is known that for prime p there exist p− 1 orthogonal
latin squares and no more. Thus, using the connection reported in this paper, we conclude that two
uniform random variables that assume values in Zp can generate p + 1 such pairwise independent
random variables and no more, thereby providing tight upper and lower bounds. This result improves
on [15, 10] which construct just p such variables. Interestingly, their construction is a special case
of a well-known construction of orthogonal latin squares (see, [16] page 366).

2 Independent random variables and latin k-cubes

2.1 Basic definitions

A set {X1, ..., Xm} of random variables is an `-wise independent set if every subset of ` random
variables is mutually independent. We address the following question: What is the biggest set
of `-wise independent uniformly distributed random variables assuming values in Zn that can be
generated with just k such variables, as a function of ` and k? We concentrate on the case ` = k.

Let S be a set of n elements. A latin square of order n based on S is a square A = [aij ], where
i, j = 1, ..., n, with the requirement that each row or column is an n-permutation of elements of S.
We will use “latin square of order n” as a shorthand for “latin square of order n based on Zn”. Let
A1 = [a1

ij ] and A2 = [a2
ij ] denote two latin squares of order n ≥ 3. The squares A1 and A2 are called

orthogonal provided that the n2 2-samples (a1
ij , a

2
ij), where i, j = 1, ..., n, are distinct.

The problem of finding orthogonal latin squares of a given order is a classical problem in combi-
natorial mathematics. Euler conjectured in 1782 that there exists no pair of orthogonal latin squares
of order n ≡ 2 (mod 4). Tarry around 1900 verified the validity of Euler’s conjecture for n = 6 [26].
Bose, Shrikhande, and Parker in 1959 proved the falsity of Euler’s conjecture [8]. They showed that
for any n where n > 2 and n 6= 6, there exists a pair of orthogonal latin squares of order n.

Next we define the natural generalization of the notion of latin squares to higher dimensions. A
latin k-cube of order n based on S is a hypercube A = [ai1,...,ik

], where ij = 1, ..., n for all 1 ≤ j ≤ k,
with the requirement that the values that occupy positions (i1, ..., ik) and (i′1, ..., i

′
k) are different if

(i1, ..., ik) and (i′1, ..., i
′
k) differ at exactly one coordinate. This definition is equivalent to saying that

each element appears exactly once along each axis. As in the case of latin squares, we use “latin
k-cube of order n” as a shorthand for “latin k-cube of order n based on Zn”. We note that the
definition of latin k-cube is similar to that of a k-dimensional permutation cube [13].

Let A` = [a`
i1,...,ik

] where 1 ≤ ` ≤ k, denote k latin k-cubes of order n ≥ 3. A1, ..., Ak are
orthogonal provided that the nk k-samples (a1

i1,...,ik
, ..., ak

i1,...,ik
), where ij = 1, ..., n for all 1 ≤ j ≤ k,

are distinct. A set of orthogonal latin k-cubes of order n is a set of latin k-cubes of order n where
every k of its members are orthogonal.

2.2 Known results about latin k-cubes

We list below three useful results about latin k-cubes.

1. Let n = pα1
1 pα2

2 ...pαN

N be the prime power decomposition of an arbitrary positive integer n,
where the pi are distinct primes and the αi are positive integers. Let β = min(pαi

i − 1) where
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i = 1, ..., N . If β ≥ 2, then for any k ≤ β there exists a set of β orthogonal latin k-cubes of
order n.

2. There exist k orthogonal latin k-cubes of order n, for every n > 2, n 6= 6.

3. The size of any set of orthogonal latin k-cubes of order n, is at most (n− 1)(k − 1).

The first result establishes a lower bound on the size of any maximal set of orthogonal latin k-cubes
of order n. This result was first proved in [18] for the case of k = 2, and was then generalized for
any k ≤ β in [13, 4]. The second result was proved by Arkin and Straus [4] establishing that if there
exists two orthogonal latin squares of order n then there exists k orthogonal latin k-cubes of order n
for each k > 2. Since, as mentioned, there are orthogonal latin squares of every order n > 2, n 6= 6,
the second result follows. The third result is proved in [14]. For other results about latin k-cubes
see [11, 12].

3 Main results

In this section we establish an interconnection between k-wise independent sets and sets of orthogonal
latin k-cubes, and use it to prove new results about the maximal size of k-wise independent sets.
Since there does not exist a pair of orthogonal latin squares of order 2, we will assume that n ≥ 3.

3.1 The Connection Theorem

The Connection Theorem

1. For n ≥ 3 and t ≥ 2, there exists a pairwise independent set of t + 2 uniformly distributed
random variables assuming values in Zn which is generated by two independent uniformly
distributed random variables assuming values in Zn if and only if there exists a set of size t
of orthogonal latin squares of order n.

2. For n ≥ 3, k > 2 and t ≥ k, there exists a k-wise independent set of t+k uniformly distributed
random variables assuming values in Zn which is generated by k mutually independent uni-
formly distributed random variables assuming values in Zn only if there exists a set of size t
of orthogonal latin k-cubes of order n.

3. For n ≥ 3, k > 2 and t ≥ k, there exists a k-wise independent set of t uniformly distributed
random variables assuming values in Zn which is generated by k mutually independent uni-
formly distributed random variables assuming values in Zn if there exists a set of size t of
orthogonal latin k-cubes of order n.

One would have hoped that the converse proposition of the second part of the theorem also hold.
Unfortunately, it does not. To prove the connection Theorem we need the following lemmas.

Lemma 1 For n ≥ 3 and t ≥ k, there exists a k-wise independent set of t uniformly distributed
random variables assuming values in Zn which is generated by k mutually independent uniformly
distributed random variables assuming values in Zn if and only if there exists an nk by t array
A = [aij ], where i = 1, ..., nk and j = 1, ..., t. The entries of A are elements in Zn and in every k
columns each k-tuple appears exactly once.

Proof: Let the array A be given. For any 1 ≤ ` ≤ t, we define a function called f`, of Zk
n into Zn as

follows. Let r = (
∑k

j=1 ijn
k−j) + 1, then for any (i1, ..., ik) ∈ Zk

n, f`(i1, ..., ik) = ar`. Starting with
any k mutually independent uniformly distributed random variables W1, · · · ,Wk assuming values
in Zn, we can generate t random variables X` = f`(W1, · · · ,Wk) where 1 ≤ ` ≤ t. Because of the
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assumptions on A, {X1, ..., Xt} is a k-wise independent set of uniformly distributed random variables
assuming values in Zn.

To prove the converse proposition, let {X1, · · · , Xt} be a k-wise independent set of t uniformly
distributed random variables assuming values in Zn which is generated by some k mutually inde-
pendent uniformly distributed random variables W1, · · · ,Wk assuming values in Zn. By definition,
there must exist functions f1, ..., ft of Zk

n into Zn where X` = f`(W1, · · · ,Wk) for all 1 ≤ ` ≤ t
(which are k-wise independent and uniformly distributed over Zn).

We define the array A as follows. For any (i1, ..., ik) ∈ Zk
n and any 1 ≤ ` ≤ t, the value

fk
` (i1, ..., ik) occupies position (r, `) in A, where r and ` are given as above. It is not difficult to see

that for every k numbers b1, ..., bk ∈ Zn, the set of k equations {fk
i (a1, ..., ak) = bi}k

i=1 has a unique
solution. Hence, the array A is as required.

Our next lemma is adapted, with minor changes, from [23] (Theorem 1.3, page 82).

Lemma 2 For n ≥ 3 and t ≥ 2, there exists a set of size t of orthogonal latin squares of order n if
and only if there exists an n2 by t + 2 array A = [aij ], where i = 1, ..., n2 and j = 1, ..., t + 2. The
entries of A are elements in Zn and in each two columns each pair appears exactly once.

Proof: Let the array A be given. We permute the rows of A so that the entries in the first two columns
are in lexicographic order (0, 0),...,(n− 1, n− 1). Let A′ be the array resulting from permuting the
rows of A as described above. For each ` = 3, ..., t+2, we define an n by n array A` where the entry
A`[i, j] equals the entry A′[(i− 1)n + j, `]. Column 1 of A′ implies that A` does not have two equal
entries in a row, and column 2 of A′ implies that A` does not have two equal entries in a column,
and hence A` is a latin square. Also any two latin squares are orthogonal because of the structure
of the columns of A. Thus, {A3, ..., At+2} is a set of orthogonal latin squares of order n and size t.

The converse proposition is proved similarly. Let {A3, ..., At+2} be a set of orthogonal latin
squares of order n and size t. We define the array A as follows. The first two columns are in
lexicographic order (0, 0),...,(n − 1, n − 1), and for each ` = 3, ..., t + 2, the entry A[(i − 1)n + j, `]
equals the entry A`[i, j].

Lemma 3 For n ≥ 3 and t ≥ k, there exists a set of size t of orthogonal latin k-cubes of order n if
there exists an nk by t + k array A = [aij ], where i = 1, ..., nk and j = 1, ..., t + k. The entries of A
are elements in Zn and in each k columns each k-tuple appears exactly once.

Proof: Let the array A be given. We permute the rows of A so that the entries in the first k
columns are in lexicographic order (0, ..., 0),...,(n − 1, ..., n − 1). For each l = k + 1, ..., k + t, we
define a hypercube Al of dimension k and of order n as follows. Let r = (

∑k
j=1 ijn

k−j)+ 1, then for
any (i1, ..., ik) ∈ Zk

n, the value in position (r, l) in A after permuting the rows as described above,
occupies position (i1, ..., ik) in Al. It is not difficult to see that {Ak+1, ..., At+k} is a set of orthogonal
latin k-cubes of order n and size t, since the assumptions on A are such that each hypercube is a
latin k-cube of order n.

Lemma 4 For n ≥ 3 and t ≥ k, there exists a set of size t of orthogonal latin k-cubes of order n
only if there exists an nk by t array A = [aij ], where i = 1, ..., nk and j = 1, ..., t. The entries of A
are elements in Zn and in each k columns each k-tuple appears exactly once.

Proof: Let {A1, ..., At} be a set of orthogonal latin k-cubes of order n and size t. The array A is
defined as follows. Let r = (

∑k
j=1 ijn

k−j) + 1. Then for any (i1, ..., ik) ∈ Zk
n and any 1 ≤ ` ≤ t, the

value in position (r, `) in A equals the value that occupies position (i1, ..., ik) in A`. The requirements
on A follows from the assumptions about {A1, ..., At}.
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Unfortunately, adding k more columns, as is done for k = 2 in Lemma 2, does not work when
k > 2. The first part of the Connection Theorem follows from Lemma 1 and Lemma 2. The second
part follows from Lemma 1 and Lemma 3. The third part follows from Lemma 1 and Lemma 4.

We point out that a connection similar to that stated in the Connection Theorem exists also be-
tween sets of orthogonal linear latin k-cubes and sets of k-wise independent linear random variables.

3.2 Consequences of the Connection Theorem

The following corollaries are immediate consequences of The Connection Theorem and the observa-
tions of the previous section.

1. Let n = pα1
1 pα2

2 ...pαN

N be the prime power decomposition of an arbitrary positive integer n,
where the pi are distinct primes and the αi are positive integers. Let β = min(pαi

i − 1) where
i = 1, ..., N . If β ≥ 2, then for any k ≤ β there exists a set of β k-wise independent uniformly
distributed random variables assuming values in Zn generated by k independent uniformly
distributed random variables assuming values in Zn. Furthermore, when β = 2, there exists a
set of β + 2 pairwise independent uniformly distributed random variables assuming values in
Zn which is generated by two independent uniformly distributed random variables assuming
values in Zn.

2. The size of any k-wise independent set of uniformly distributed random variables assuming
values in Zn, which is generated by k independent uniformly distributed random variables
assuming values in Zn, is at most n(k − 1) + 1.

Notice that when k = 2 and n is a power of a prime the above upper and lower bounds are tight.
A projective plane consists of a set of elements called points and a set of elements called lines,

with a relation connecting them such that: (1) each two points belong to exactly one line, (2) each
two lines have in common exactly one point, and (3) there are at least four points no three of which
belong to the same line. When such a plane has a finite number of n + 1 points on every line, it
is called a finite projective plane of order n. In interesting result is that: Every projective plane
of order n ≥ 3 defines, and is defined by, a set of n − 1 orthogonal latin squares of order n [7, 25].
This result is a special case of general theorem which involves geometric k-nets ([11] page 270). This
result and the Connection Theorem implies the following:

• Every finite projective plane of order n ≥ 3 defines, and is defined by, a set of n + 1 pairwise
independent uniformly distributed random variables assuming values in Zn, which is generated
by two pairwise independent uniformly distributed random variables assuming values in Zn.

It should be possible to extend this last connection to higher dimensions as is done in the Connection
Theorem. There exist several impossibility results for finite projective planes. For example, if n is a
positive integer congruent to 1 or 2 modulo 4, there cannot exist any finite projective plane of order
n unless n can be expressed as a sum of two integral squares, n = a2 + b2 [9]. Consequently, for such
n there does not exist a set of n + 1 pairwise independent uniformly distributed random variables
assuming values in Zn, which is generated by two pairwise independent uniformly distributed random
variables assuming values in Zn.
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